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^ ; Abstract Let X and Y be Banach spaces, A e B{X), B G B{Y), C G B{Y,X), 

I \. / ^ (J \ 

' Mc = ( Q ^ ) be the operator matrix acting on the Banach space X©y. In this 

paper, we give out 20 kind spectra structure of Mc, decide 18 kind spectra filhng- 
1^ ■ in-hole properties of Mc, and present 10 examples to show that some conclusions 

. about the spectra structure or filling-in-hole properties of Mc are not true. 
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^ ! 1 Introduction and basic concepts 
vn 

\Q • It is well known that if if is a Hilbert space and T is a bounded linear operator defined on 
O \ H and Hi is an invariant closed subspace of T, then T can be represented for the form of 

O 



I y-Hi®Hi^H,®Hi 



which motivated the interest in 2 x 2 upper-triangular operator matrices (see [2], [3], [6], 
[8-25], [28-32]). Throughout this paper, let X and Y be complex infinite dimensional Banach 
spaces and Y) be the set of all bounded hnear operators from X into F, for simplicity, 
we write B{X,X) as B{X). Let X* be the dual space of X. If T e 5(X,F), then T* e 
B(Y*,X*) denotes the dual operator of T. 

For T G y), let R{T) and N{T) denote the range and kernel of T, respectively, 

and denote a(T) = dimA^(T), p{T) = dimY/R{T). If T G B{X), the ascent asc(T) 
of T is defined to be the smallest nonnegative integer k (if it exists) which satisfies that 
N{T^) = N{T''~^^). If such k does not exist, then the ascent of T is defined as infinity. 
Similarly, the descent des{T) of T is defined as the smallest nonnegative integer k (if it 
exists) for which R{T^) = R{T''~^^) holds. If such k does not exist, then des{T) is defined as 
infinity, too. If the ascent and the descent of T are finite, then they are equal (see [13]). For 
T G B{X), if -R(T) is closed and a{T) < oo, then T is said to be an upper semi-Fredholm 
operator, if /3(T) < oo, then T is said to be a lower semi-Fredholm operator. If T G B{X) is 
either upper or lower semi-Fredholm operator, then T is said to be a semi-Fredholm operator. 
For semi-Fredholm operator T, its index ind (T) is defined as ind (T) = a{T) — I3{T). 



*This work is supported by the NSF of China (Grant Nos. 10771034, 10771191 and 10471124) and the NSF of 
Fujian Province of China (Grant Nos. Z0511019, S0650009). 
^Corresponding author: E-mail: wjd@zju.edu.cn 



Now, we introduce the following important operator classes: 



The sets of all invertible operators, bounded below operators, surjcctivc operators, left 
invertible operators, right invertible operators on X are defined, respectively, by 

G{X) := {T e B{X) : T is invertible}, 

:= {T G B{X) : T is injective and R{T) is closed}, 
G_(X) := {T G B{X) : T is surjective}, 
Gi{X) := {T G B{X) : T is left invertible}, 
GriX) := {T G : T is right invertible}. 

The sets of all Fredholm operators, upper semi-Fredholm operators, lower semi-Fredholm 
operators, left semi-Fredholm operators, right semi-Fredholm operators on X are defined, 
respectively, by 

$(X) := {T G B{X) : a{T) < oo and (3{T) < oo}, 
$+(X) := {T G 5(X) : a{T) < oo and i?(r) is closed}, 
$_(X) := {T G fi(X) : /5(T) < oo}, 

^i{X) := {T G -B(^) : R{T) is a closed and complemented subspacc of X and <y{T) < oo}, 
:= {T G -B(^) : N{T) is a closed and complemented subspace of X and /5(T) < oo}. 

The sets of all Weyl operators, upper semi-Weyl operators, lower scmi-Wcyl operators, 
left semi-Weyl operators, right semi-Weyl operators on X are defined, respectively, by 

^o(X) := {T G : ind(r) = 0}, 

:= {T G ^+(X) : ind(r) < 0}, 
:= {T G : ind(T) > 0}, 

^i^{X) := {T G : ind(T) < 0}, 

:= {T G ^riX) : ind(r) > 0}. 

The sets of all Browder operators, upper semi-Browder operators, lower semi-Browder 
operators, left semi-Browder operators, right semi-Browder operators on X are defined, 
respectively, by 

^b(X) := {T G $(X) : asc{T) = des(T) < oo}, 
^ab{X) := {T G : asc(r) < oo}, 

^sb{X) := {T G : des{T) < oo}, 

{T G : «sc(T) < oo}, 

:= {T G : des(r) < oo}. 

By the help of above set classes, for T G B(X), we can define its corresponding 22 kind 
spectra, respectively, as following: 

the spectrum: a{T) = {A G C : T - A/ ^ G{X)}, 

the approximate point spectrum: (7a (T) — {X e C : T — XI ^ G^{X)}, 

the defect spectrum: (Tsu{T) = {AgC:T — A/^ G^{X)}, 

the left spectrum: ai{T) = {A G C : T - A/ ^ G^^)}, 

the right spectrum: ct^(T) = {A G C : T - A/ ^ Gr(^)}, 

the essential spectrum: (7e(T) = {A G C : T - A/ ^ ^(^)}, 



the upper semi-Predholm spectrum: asF+{T) = {X e C : T - XI ^ $+(X)}, 
the lower semi-Predholm spectrum: asF-iT) = {X e C : T - XI ^ $_(X)}, 
the left semi-Frcdholm spectrum: (Tie{T) = {AgC:T — AJ^ $;(X)}, 
the right semi-Fredholm spectrum: areiT) = {X E C : T — XI ^ 
the Weyl spectrum: a^(T) = {A G C : T - A/ ^ $o(^)}, 
the upper semi- Weyl spectrum: aaw{T) = {A e C : T - A/ ^ $+(X)}, 
the lower semi- Weyl spectrum: a,^(T) = {A G C : T - AJ ^ $^ (X)}, 
the left semi- Weyl spectrum: ctz^(T) = {A G C : T - A/ ^ <^i^{X)}, 
the right semi- Weyl spectrum: arw(T) = {A G C : T — A/ ^ ^rw{^)}, 
the Browder spectrum: ab{T) = {X e C : T - XI ^ ^b{X)} , 

the Browder essential approximate point spectrum: aab{T) = {A G C : T — XI ^ $(j(,(X)}, 

the lower semi-Browder spectrum: (Jsb{T) = {A G C : T — A/ ^ 

the left semi-Browder spectrum: aib(T) = {A G C : T — A/ ^ $;{,(X)}, 

the right semi-Browder spectrum: arb{T) = {X e C : T - XI ^ $rb(X)}, 

the Kato spectrum: axiT) = {A G C : T - A/ ^ U $-(X)}, 

the third Kato spectrum: aK^iT) = {A G C : T - A/ ^ $,(X) U 

It is well known that all of these spectra are compact nonempty subsets of complex plane 
C and have the following relationship: 

(1) <Jk{T) C asF+iT) C aaUT) C (7„b(T) C ^^(T), 

(2) aKiT) C asF-iT) C a,^(T) C ct,6(T) C ^^(T), 

(3) 0-^3 (^) ^ ^«e(T) C ai^iT) C a,fe(T) C ^^(T), 

(4) a;^3(^) ^ t^re(T) C a,^(T) C (7,5(T) C abiT), 

(5) c^(a,(r)) C a((7^(T)) C a(ae(T)) C a^lT) C a^iT) C a^(T) C ^^(T) C a{T), 

(6) C aa(T) n C a^T) C C 

For a compact subset M of C, we use accM, intM and isoM, respectively, to denote all 
the points of accumulation of M, the interior of M and all the isolated points of M. 

An operator T G B[X) is said to be Drazin invertible if there exists an operator G 
B{X) such that 

rj-irj-iL) rpDrj-i rj-i D rp rp D rj-iD rj-ik-\-lrj-iD rpk 

for some nonnegative integer k ([13], [31]). 

The operator is said to be a Drazin inverse of T. It follows from [13] that is 
unique. The smallest k in the previous definition is called as the Drazin index of T and 
denoted by i{T). Now, we can define the Drazin spectrum, the ascent spectrum and the 
descent spectrum of T, respectively, as following: 



(Jd{T) = {A G C : T — a/ is not Drazin invertible}, 
(yasc{T) = {A G C : asc{T - XI) = oo}, 
(^des{T) = {A G C : des{T - XI) = oo}. 



The sets aoiT), aasc{T) and ades{T) are closed but may be empty ([7], [31]). 



Now, we continue to introduce the following operator classes which were discussed in [1] , 
[3-5] and [26-27]: 



BF{X) = {T G B{X) : T = Ti © T2, where Ti is a Fredholm operator and T2 nilpotent}, 

BW{X) = {T e B{X) : T = Ti ® T2, where Ti is a Weyl operator and T2 nilpotent}, 

R^{X) = {Te B{X) : des{T) < 00, i?(T^^"(^)) is closed}, 

Rg{X) = (T e B{X) : asc{T) < 00, i?(r"^'=(^)+i) is closed}, 

,5Fo(X) = {T e U : q;(T) = or /3(T) = 0}, 

M(X) = {T e : T is left or right invertible}, 

D(X) = {T e B(X) : i?(r) is closed andA^(r) C n^^ii?(r")}. 



Their corresponding spectra can be defined, respectively, by 

The B-Predholm spectrum: aBriT) = {A e C : T - A/ BF{X)}, 
The B-Weyl spectrum: aBw{T) = {A e C : T - A/ ^ BW{X)}, 
The right Drazin spectrum: a^oiT) = {A G C : T — A/ ^ i?4(X)}, 
The left Drazin spectrum: awiT) = {\ E C : T — XI ^ Rq{X)}, 
asFoiT) = {XeC:T-\I^ SFo{X)}, 
air{T) = {A e C : T - A7 ^ M{X)}, 

The semi-regular spectrum: ase{T) ^ {X e C : T - XI ^ D{X)}. 

In [3], the semi-regular spectrum ase{T) of T is also called as the regular spectrum and 
denoted by CFg{T). 

The spectra (7Bi?, c^vk, CTrD, cjd, c^Fq, (7;^ are closed and (TsFo-i'^ir-i'^se are nonempty ([1], 
[3-5], [26-27]). 

Let D{X,r) be the open disc centered at A G C with radius r > 0, D{X,r) be the 
corresponding closed disc. T G B[X) is said to have the Single Valued Extension Property 
(SVEP, for short) ([28]) at A if there exists r > such that for each open subset V C D(A, r), 
the constant function / = is the only analytic solution of the equation 

(T -/.)/(/.) = o,V/.Gy. 

For T G B{X), we denote 

S{T) = {A G C : T fails to have the SVEP at A}. 
If S{T) = 0, then T is said to have SVEP. 

Henceforth, for A G B{X), B G B{Y) and C G B{Y, X), we put Mc = ^ E ) • 

clear that Mc G S(X © F). 

For a given bounded linear operator T G B{X), as showed above, we have defined 32 
kinds spectra. Now, we are interesting in deciding the spectra structure of operator matrix 
Mc- [28] and [16] have told us that for spectra cr, (Tg, u^, (7a, (Jsu and Uawi we have 

a(Mc) U (5(A*) n S{B)) = a{A) U ct(5), (1) 
ae{Mc) U (5(A*) n S{B)) = (7e(>l) U (7e(S) U {S{A*) n 5'(S)), (2) 
a^{Mc) U [-5(A) n 5(S*)] U [S{A*) n >S(S)] = 



a^{A) U aUB) U [S{A) n S{B*)] U [S{A*) n S{B)], (3) 

cT,„(Mc) U 5(5) = asu{A) U (7,^5) U S{B), (4) 

(7„(Mc) U = aa{A) U U S{A*), (5) 

a„^(Mc) U n S{B*)) U = (7„^(A) U U n S{B*)) U (6) 

In this paper, first, in Section 3, we decide another 20 kind spectra structure of Mc, that 

is: 

Spectra (Td and (Xb have equation (1) form, spectra (7des,<^r,<^rh, <^sb,<^re and (Tsf- have 
equation (4) form, spectra cri,aib,aab, crie and asF+ have equation (5) form, spectrum ai^ 
has equation (6) form. Moreover, if spectrum = (Tsw or 0"^^, then it has the following form 

a,{Mc) U {S{A) n S{B*)) U S{B) = a^A) U U {S{A) n 5(5*)) U S{B). (7) 

If spectrum a* = (Xi^, axs, c"5fo or CJ'ir, then it has the following forms 

a^Mc) U S{A*) U 5(A) U S{B) = a,{A) U a,{B) U 5(A*) U 5(A) U S{B) (8) 

and 

(7*(Mc) U S{A) U 5(5) U 5(5*) = (7*(A) U (T*(5) U S{A) U 5(5) U 5(5*). (9) 

On the other hand, Han and Lee in [19] studied the so-call filling-in-hole problem of 
operator matrix, their result is: 

a{A) U a{B) = a{Mc) U W^, B, C), (10) 

where Wa{A, 5, C) is the union of some holes in a{Mc) and W^{A, 5, C) C a{A) n a(5). 

That is, the passage from a{A) U (7(5) to a{Mc) is the punching of some open sets in 

(7(A) 0(7(5). 

Moreover, in [12, 22, 31-32], the authors showed that for the spectra ai„crw,cre and ao, 
the equation (10) is also true. 

In [12, 20], the authors showed that if spectrum (7* = (7^, (Tsf+, ctsf-, (^ab or asb, then 

(7,(A) U (7,(5) = (Mc) U W,M, B, C), (11) 
where Wo-^(A, 5, C) is contained in the union of some holes in a^{Mc). 

Let M be a compact subset of C. The set 

ri{M) = {w : 1^(^)1 < max{\P{z)\ : z G M} for every polynomial 5} 
is called to be the polynomially convex hull of M. 

In [3], the authors proved that 

VicTseiA) U (T,e(5)) = ^^((J.e (M^) ) . (12) 

Those spectra of Mc which satisfy equation (10), (11), (12), respectively, are called to 
have the filling-in-holc property, generalized filling-in-hole property, convex filling-in-hole 

property, respectively. 

In Section 4, we continue to study the filling-in-hole problem of another 18 kind spectra 
of Mc, we show that each spectrum of the 18 kind spectra of Mc has one of the above 3 
kind filling-in-hole properties. 

In Section 5, we present some interesting examples to show that some conclusions about 
the spectra structure or filling-in-hole problem of Mc are not true. 



2 Main Lemmas and Proofs 



Lemma 2.1 ([31]). If T e B{X), then the following statements are equivalent: 

(i) . T is Drazin invertible. 

(ii) . T = Ti ® T2, where Ti is invertible and T2 is nilpotent. 

(iii) . There exists a nonnegative integer k such that des{T) — asc{T) — k < 00. 

(iv) . T* is Drazin invertible. 

Lemma 2.2 ([31]). For {A,B) e B(X) x B(Y), if Mc is Drazin invertible for some C e 

B{Y, X), then 

(i) . des{B) < 00 and asc{A) < 00, 

(ii) . des{A*) < 00 and asc{B*) < 00. 

Lemma 2.3 ([1] Theorem 3.81). Let T e B{X) and des(r - Aq) < 00. Then the following 

statements are equivalent: 

(i) . T has the SVEP at Aq. 

(ii) . asc{T — Aq) < 00. 

(iii) . Ao is a pole of the resolvent. 

(iv) . Ao is an isolated point of (j{T). 

Lemma 2.4 ([ 22, 31-32]). Let {A,B) e B{X) x B{Y) and C e B{Y,X). We have: 

(i) . if any two of operators A, B and M^; are invertible, then so is the third, 

(ii) . if any two of operators A, B and Mq are Fredholms, then so is the third, 

(iii) . if any two of operators A, B and Mc are Weyl, then so is the third, 

(iv) . if any two of operators A, B and Mc are Drazin invertible, then so is the third, 

(v) . if any two of operators A, B and Mc are Browder, then so is the third. 

Lemma 2.5 ([16]). Let {A,B) e B{X) x B{Y) and C e B{Y,X). If A has infinite ascent, 
then Mc has infinite ascent, if B has infinite descent, then Mc has infinite descent. 

Lemma 2.6. Let {A, B) e B{X) x B{Y) and C G B{Y,X). We have: 

(i) . if B is invertible, then des{Mc) < 00 if and only if des{A) < 00, 

(ii) . if i? = 0, then des{Mc) < cxd if and only if des{A) < 00, 

(iii) . if A is invertible, then asc{Mc) < 00 if and only if asc{B) < 00, 

(iv) . if A = 0, then asc{Mc) < 00 if and only if asc{B) < 00. 

Proof, (i). If B is invertible, then des{B) < 00, thus, it follows from des{A) < 00 that 
des{Mc) < 00. In fact, if des{A) = p and des{B) = q, then we can claim that R{M^^^) = 
RiM'^l'-) for each C G B{Y,X), where n = max{p,q}. For this, note that R{M'^''^) C 
i?(iHg") is obvious, it is sufficient to show that i?(M^") C i?(M^"+^). 

Suppose that uq — {ui, U2) G R{M'c'). Then there exists (xq, yo) & X ®Y such that 

n-l 2n-l 

where A° = 7 and S° = 7. That S^^yo = 'fi2 is clear. In view of 7?(S") = 7?(S"+i), there 
exists yi G Y, such that 



Therefore, 

n-l 2n-l 

1=0 i=n 

n—1 2n— 1 

i=0 i=n 

n—1 2n 

i=0 i=n+l 
n—1 2n 

i=0 i=n+l 

n—1 n 2n 

i=0 1=0 j=0 

Moreover, it follows from des{A) = p < n< oo that = = • • • = R{A'^''+^), 

hence, there exists Xi & X such that 

n—1 n—1 

1=0 i=l 

Note that (ui,U2) = M^"+^(a;i, yi), so i?(M^") C i?(M^"+^). 

If B is invertible and (ies(M(7) < oo, now we consider two cases to show that des{A) < oo. 
Case I. If R{Mc) = R{M^), we claim that R{A) = RiA^). In fact, R{A) D RiA"^) is obvi- 

y \ _ f A C \ ( X 



ous. If y e -R(A), there exists x & X such that y — Ax. Thus, iq)~iq B I \ Q 
That is 1^ ^ ^ e R{Mc) = R{M^). Hence, there exists {^^^^ & X ®Y such that 

C V ( xi \ _ ( A^ AC + CB\ ( xi \ _ ( A^xi + (AC + CB)yi 
Q B ) \y, )- \ Q B^ )\yi)-\ B^y, 

Moreover, since B is invertible, it is easy to show that 
Thus y e RiA^), and so R{A) C R{A^). 

and R{Mp) = R{Mp), where A^ = I,B^ = I. By using the same methods as in case I, we 
can prove that R{Ap) C R{A^p). So R{Ap) = RiA^P). It follows from the conclusion that 
R{AP) = R{AP+^). 

Combining Case I with Case II, we complete the proof of (i). 

(ii). It follows from the above argument methods that we only need to show that if i? = 
and R{Mc) = R{Ml), then R{A) = R{A^). In fact, if y G R{A), then there exists x e X 

such that y = Ax, so (^^^^ ^ (^^ o)(o)- ( ) ^ Ri^c) = R{M^), there 



exists ( ] e X ®Y such that 

yi J 

y\ = ( ^ ^ V ^1 ^ = \ / Axi + C|/i 

J {O J {y, J { ){ 

Thus we have y = A^{Axi + Cyi), so y E RiA"^), this showed that R{A) C R{A'^). Note that 
R{A^) C R{A) is obvious, therefore R{A) = rIa"^). 

(iii). If A is invertible, then asc{A) < oo, thus, it follows easily from asc{B) < oo that 
asc{Mc) < oo (see Lemma 2.2 in [11]). 

If A is invertible and asc{Mc) < oo, now we consider two cases to show that asc{B) < oo. 

Case I. N{Mc) = N{M^). We claim that N{B) = NiB"^). Eye N{B^), then B^y = 0. 
Note that A is invertible, it can be proved that 



Thus, 



Therefore 



-A-^{AC + CB)y \ _ f \ _ f 
c\ y -[B'y -[0 



A C \ f -A-\AC + CB)y \ ^ f 
B )[ y J-\0 

which implies By = 0, thus N{B'^) C N{B). Note that N{B) C Ar(s2) is obvious, so 
N{B^) = N{B). 

Case II. If 1 < asc{Mc) = p < oo, put Mp = M^. Then 

= Q '^'^ J and N{Mp) = N{M^), 

where ^4° — I,B^ — I. By the same methods as in case I, we can prove that N{Bp) C N(B'^p) 
and so it is easy to obtain that N{Bp) = N{Bp+'^). 
Combining case I with case II, we prove (iii). 

(iv). We only prove that ii A = and N{Mc) = N{M^), then N{B) = N{B'^). Let 
y e N{B^). Then B^y = 0. So we have 



which implies that 



Thus 



e N{M^) = N{Mc). 



C\fO\^fCy\^fO 
B J{y J {By J {o 

This showes that By = 0, so N^B"^) C N{B). It follows easily from the conclusion that 
N{B) = N{B^). The lemma is proved. 



The following lemma is important and it is widely used in the proofs of our main theorems 
in Section 3 and Section 4. 

Lemma 2.7. For {A, B) e B{X) x B{Y) and C e B{Y,X), we have: 

(i) . if A is Drazin invertible, then asc{Mc) < oo {des{Mc) < oo) if and only if asc{B) < 

oo {des{B) < oo), 

(ii) . if B is Drazin invertible, then des{Mc) < oo {asc{Mc) < oo ) if and only if 
des{A) < oo {asc{A) < oo), 

(iii) . if A is Browder operator, then Mc is left (right, upper, lower) semi-Browder operator 
if and only if B is left (right, upper, lower) semi-Browder operator, 

(iv) . if B is Browder operator, then Mq is left (right, upper, lower) semi-Browder operator 
if and only if A is left (right, upper, lower) semi-Browder operator, 

(v) . if A is Predholm operator, then Mc is left (right, upper, lower) semi-Predholm 
operator if and only if B is left (right, upper, lower) scmi-Fredholm operator, 

(vi) . if B is Fredholm operator, then Mc is left (right, upper, lower) semi-Fredholm 
operator if and only if A is left (right, upper, lower) semi-Fredholm operator, 

(vii) . if A is Weyl operator, then Mc is left (right, upper, lower) semi-Weyl operator if 
and only if B is left (right, upper, lower) Weyl operator, 

(viii) . if B is Weyl operator, then Mc is left (right, upper, lower) semi-Weyl operator if 
and only if A is left (right, upper, lower) semi-Weyl operator, 

(viiii). if A is invertible, then Mc is left (right) invertible if and only if B is left 
( right ) invertible, 

(vv). if B is invertible, then Mc is left (right) invertible if and only if A is left (right) 
invertible, 

(vvi). if A is invertible, then Mc bounded below if and only if B bounded below, 
(vvii). if B is invertible, then Mc is surjective if and only if A is surjective. 

Proof. That from (v) to (vv) are well known and from (i) to (iv) are new. Here we only 
prove (i). 

If A is Drazin invertible and i{A) — k < oo, then 



/ Al Eli^t'CiB^-' \ 
Mc= \ Eti At'C2B'-^ : R{A'') ® N{A'') ®Y — > R{A^) ® N{A'') ® Y. 




where is invertible and A^ — ^. Thus, 




So 







It follows from Lemma 2.6 that 




<(=^ asc{B^) < oo 
<(=^ asc(B) < oo. 



Moreover, if A is Drazin invertible, then it follows from Lemma 2.5 and the proof of Lemma 
2.6 that 

des{Mc) < oo<^ des{B) < oo. 

Thus (i) is proved. 

Lemma 2.8 ([1] Theorem 3.4). For T G B{X), the following properties hold: 

(i) . if asc{T) < oo, then a{T) < (3{T), 

(ii) . if des{T) < oo, then p{T) < a{T), 

(iii) . if asc{T) = des{T) < oo, then /9(T) = a{T), 

(iv) . if /9(T) = a{T) < oo and either asc{T) or des{T) is finite, then asc{T) = des{T). 

Lemma 2.9 ([1] Corollary 3.19). Let T e B{X) and Xq - T e $±(X), where $±(X) = 
$+(X) U$_(X). We have: 

(i) . if T has the SVEP at Aq, then ind (Aq/ - T) < 0, 

(ii) . if T* has the SVEP at Aq, then ind (Aq/ - T) > 0. 

Lemma 2.10 ([31]). If each neighborhood of A contains a point that is not an eigenvalue of 
operator T and X — T has a finite descent, then A — T is Drazin invertible. 

3 Spectra structure of operator matrix Mc 

The following theorems in this section tell us 20 kind spectra structure of Mc, that is: 
Theorem 3.1. 

an{Mc) U {S{A*) n S{B)) = aoiA) U a^(5). 
Proof. First, Theorem 2.9 in [31] told us that (Td{Mc) C (Td{A) U (Td{B). Note that 

S{A*) n S{B) C int{a{A*)) n int{a{B)) = int{a{A)) n int{a{B)) C aoiA) U (7i?(5). 

It follows that 

aD{Mc) U (5(A*) n S{B)) C ^^(A) U aD{B). 

On the other hand, if A e ((Td(/1) U aD^B)) \ aoiMc), then Mc — A is Drazin invertible. 
It follows from Lemma 2.2 that 

des{B — A) < oo and des{A* — A) < oo. 

Now we claim that A e S{A*) n S{B). In fact, if A ^ 5(A*) n S{B). There are two cases: 
If A ^ S{A*), note that des{A* — A) < oo, it follows from Lemmas 2.1 and Lemma 2.3 

that asc{A* — A) < oo and ^4 — A is Drazin invertible. Furthermore, Lemma 2.4 tells us that 

B — X is also Drazin invertible, this is a contradiction. 

Similarly, we can prove that A ^ S{B) is also impossible. Thus, we have 

aD{A) U aD{B) C aoiMc) U {S{A*) n S{B)). 

The theorem is proved. 
Theorem 3.2. 

ab{Mc) U (5(A*) n S{B)) = ab{A) U ^^(E). 



Proof. It follows from Lemma 2.4 that ab{Mc) C ab{A) U ab{B). Moreover, it is easy to 
know that ^^(A) U a^iB) C ab{A) U (Jb{B), thus, it follows from the proof of Theorem 3.1 
that S{A*) n S{B) C ab{A) U ab{B). Hence 

(76(Mc) U (SiA*) n -5(5)) C abiA) U (76(S). 

For the contrary inclusion, it is sufficient to prove that 

{ab{A) U ab{B)) \ ab{Mc) C {S{A*) D S{B)). 

Let A e {ab{A)[Jab{B))\ab{Mc). Then — A is a Drazin invertible Predholm operator, 
and so A - A e ^+{X), B - Xe ^-{Y). Moreover, It follows from Lemma 2.2 that 

des{B — A) < oo and asc{A — A) < oo. 

Now, we show that A G S{A*)nS{B). In fact, if A ^ S{A*)nS{B), then when A ^ S{A*), 
we can prove as in Theorem 3.1 that ^4 — A is Drazin invertible. Note that ^4 — A e 
it is easy to show from Lemma 2.8 that A — X E $f,(X). Thus, by Lemma 2.4 we get that 
B — X e ^b(y), and hence A ^ crb{A) U (rb{B), which is a contradiction. So, A e S{A*). 

Similarly, we can show that A e S{B). The theorem is proved. 

Theorem 3.3. If cr* = Cdes, CTr, (Jrh-, Csb, (^re or (TsF-i then 

a,{Mc) U S{B) = a,{A) U a,{B) U 5(B). 

Proof. Observe that 
It is easy to prove that 

a^{B) C a^{Mc) Q a^iA) U a^{B) 

and 

(7,(Mc) U S{B) C a, (A) U U S{B). 

for each a* = <7des, err, (Trh, Csb, Cre OT (TsF-- So, in order to prove the theorem, we only need 
to prove that 

(a.(A)Ua,(5))\a,(Mc)C5(5). 

If A e {a^{A)Ua^{B))\a^{Mc) and = (7^^^, a,., a^b, cTsb, c^re or asF-, we show that A G S{B). 
In fact, if A ^ ^i^), we consider the following four cases: 

Case (I). Let cr* = aoes- Since A e ((Tdes(^)U(Tdes(-B))\cdes(M7) and A 'S'(5), it follows 
from Lemmas 2.5 and 2.3 that des{B ^ X) < oo and asc{B — A) < oo, so 5 — A is Drazin 
invertible. Thus, Lemma 2.7 tells us that des{A~ X) < oo, this is a contradiction. Therefore, 
it follows that {ades{A) U ades{B)) \ ades{Mc) C S{B). 

Case (II). Let a* = a^. Note that A e (ct^(A) U cT^(fi)) \ a^(Mc), so B-XeGr{Y). That 
is B - A e $^fe(F) and R{B - X) = Y . Since A ^ S{B), it follows from Lemma 2.9 that 
ind(B - A) = a(fi - A) - (3{B - A) < 0. Thus a{B - A) = 0, and so 5 - A G %{Y). Also 
since i?(i? — A) = F, i? — A is invertible. It follows from Lemma 2.7 that A — X E Gr{X), 
this contradicts A e ((Tr(^) U (t^(5)). Therefore ((t^(^) U a^(5)) \ a^(Mc) C 5(B). 

Case (III). Let cr* = arb- Since A e ((Tr6(A) U arbiB)) \ (Trb{Mc), B - X e ^rbiY). In 
particular, B - X e ^r{Y), md{B - A) > 0. Note that A ^ S{B), it follows from Lemma 2.9 
that ind(i? — A) < 0. Thus B — X E ^o{Y) and des{B — A) < oo, and then Lemma 2.8 shows 
us that B — X E ^b(Y). Lemma 2.7 teUs us that A — X E ^rb{X), this is a contradiction. So 
we get that (cr^b(A) U arb(B)) \ arbiMc) Q S(B). 



Case (IV). Let cr* = Ure- Since A e (a^el^) U are{B)) \ are{Mc), it is easy to show that 
B - X e <^r{y)- Note that A ^ S{B), it follows from Lemma 2.9 that ind(S - A) < 0, so 
a{B-\) < P{B-\) < oo. Thus5-A G By using Lemma 2.7, we have A- A G $r(X), 

this is a contradiction and so we can prove that ((Tre(^) U are{B)) \ are{Mc) Q S{B). For 
c"* = o"sfe or crsF-, the proof methods are similar, we omit them. 

Similarly, we can prove also the following theorem: 

Theorem 3.4. If cr* = u;, cr^b, aab, (Jie or '^sf+i then 

a.(Mc) U = a,{A) U a, (5) U S{A*). 

Theorem 3.5. 

<Ti^{Mc) U {S{A) n -5(5*)) U = U U {S{A) n U 

Proof. Note that ai^^Mc) Q cfiw{^) U aiu,{B), it is obvious that 

a^Mc) U n S{B*)) U C ai^{A) U U n S{B*)) U 

For the contrary inclusion, let A ^ ai^{Mc) U (5(A) n S{B*)) U 5(A*). Then Mc - A is 
left semi-Weyl operator, and it is easy to prove that A — X e ^i{X). From the assumption 
we also get that either A and A* or A* and B* have the SVEP at A. If A and A* have the 
SVEP at A, it follows from Lemma 2.9 that A — A G ^q{X). By using Lemma 2.7, it follows 
that B-Xe<^i{Y) and ind(Mc - A) = ind(A - A)+ind(5 - A) < 0. Thus B-Xe <^>i{Y) 
with ind(S - A) =ind(Mc - A)-ind(A - A)=ind(Mc - A) < 0. Hence A ^ ai^{A) U ai^{B). 
On the other hand, if A* and B* have the SVEP at A, it is obvious that have the SVEP 
at A. It follows from Lemma 2.9 that Mc — A G $o(-^ © Y). Thus, it is easy to show that 
A - X e ^i{X) and B - X e <^>r{Y). Also, note that B* and A* have the SVEP at A, it 
follows from Lemma 2.9 that ind(74 — A) > and ind(S — A) > 0. Hence it follows from 
A- Xe ^i{X) proved above that A- X e $(X), so Lemma 2.4 tells us that 5 - A G $(F). 
Moreover, in view of =ind(Mf7 — A) =ind(A — A)+ind(i? — A), ind(A — A) > and 
ind(5 - A) > 0, it is clear that md{A - X)=md{B - A) = 0. Thus A - A and S - A are both 
Weyl operators, which imphes that A ^ C;«,(A) Uaiw{B). It follows that A ^ cr;^(A) U(j;^(i?) 
when A ^ (Ji^{Mc) U {S{A) n S{B*)) U S{A*). Thus, the contrary inclusion is clear. The 
theorem is proved. 

Similarly, we can prove also the following theorem: 

Theorem 3.6. If cr* = agw or arw, then 

a^Mc) U {S{A) n S{B*)) U S{B) = a^A) U a^B) U {S{A) D S{B*)) U S{B). 

Theorem 3.7. If = ax, (Jks, c^sfo or air, then 

a^Mc) U S{A*) U S{A) U S{B) = a^A) U a^{B) U S{A*) U S{A) U S{B) 

and 



cT,(Mc) U S{A*) U 5(5) U 5(5*) = a^{A) U a,(5) U S{A*) U 5(5) U 5(5*). 



Proof. We only prove when = (Tk, equation (8) holds. First, we prove that 



aK{Mc) U S{A*) U S{A) U S{B) C aK{A) U aK{B) U S{A*) U U S{B). 

In fact, let A ^ (T;^(A) U (Ti^(5) U S{A*) U 5(A) U S{B). Then A - A is a semi-Fredholm 
operator with A*, A have the SVEP at A, this implies A — A is a Weyl operator. Note 
that 5 — A is also a semi-Fredholm operator, it follows from Lemma 2.7 that Mq — A is 
a semi-Fredholm operator. Thus A ^ axiMc) U S{A*) U S{A) U S{B). So it is clear that 
axiMc) U S{A*) U S{A) U ,5(5) C (7k(A) U c7^(S) U ^U*) U S{A) U ,S(S). 

For the contrary inclusion, let A ^ axiMc) U 5'(A*) U 5'(A) U S{B). Then Mc - A is a 
semi-Fredholm operator, that is, Mc — A is either a upper semi-Fredholm operator or a lower 
semi-Fredholm operator. If Mc— A e $+(X©y), then it is easy to prove that A—X e $+(X). 
Since A* has the SVEP at A, it follows from lemma 2.9 that ^ - A e $(X). Hence it follows 
Lemma 2.7 that B - \ e $+(F). Thus A ^ ^^(A) U ax^B), and so A ^ cTi^(A) U (Tk{B) U 
5(A*) U S{A) U 5(5). On the other hand, if Mc - A e $_(X © F), then 5 - A G $_(F). 
Since -B has the SVEP at A, it follows from lemma 2.9 that B — X E ^{Y). Similar to the 
above arguments, we can also obtain that A ^ axiA) U axiB) U S{A*) U S{A) U S{B). This 
proves equation (8). 

We are interesting in the following question, it is perhaps difficult: 

Open question 3.8. Do other spectra of Mc have the equations (1) to (9) forms ? 

4 Filling-in-hole Problem of Mc 

In Section 1, we pointed out that if spectrum cr^, = a,ah,(7^,ae or a^, then 

a,{A) U a,{B) = a,{Mc) U W^M, B,C), 

where W(j.(74, S, C) is the union of some holes in (t*(Mc) and Wa^{A,B,C) C a^{A) fl 
a^{B). The following theorem shows the relationship among Wa{A, B,C),Wat,{A, B,C), 
W,,{A,B,C) and W,^{A,B,C): 

Theorem 4.1. For {A,B) e B{X) x B{Y) and C e B{Y,X), we have 

(i) . iy.(Ai?,t^) c Ty<,,(A5,C^) c w^,,(Ai?,C), 

(ii) . W^M,B,C)CW^^{A,B,C). 

In particular, the following states are equivalent: 

(a) . W,{A,B,C)^ID, 

(b) . W,^{A,B,C)^0, 

(c) . W^,,(AS,C) = 0. 

Proof, (i). Let A G 1V^(A,5,C). It follow from equation (1) that A G {a{A)Ua{B))\a{Mc). 
Thus /I — A is left invertible and 5 — A is right invertible. That A ^ (Tfe(Mc) is obvious. 
Now we claim that A G ab{A) U ab{B). If not, by Lemma 2.4, we have that both ^4 — A and 
B — X are Browder operators. This implies that A G ^o{A) n ^o{B). Moreover, since ^4 — A 
is left invertible and — A is right invertible, A — X and B — X are invertible, this contradicts 
A G a{A) U a{B), so A G ab{A) U ab{B), thus Wa{A, B, C) C Wa^{A, B, C) is proved. 



For the inclusion W„^{A,B,C) C Waj,{A, B,C), note that ab{Mc) ^ (Td{Mc), so it 
is sufficient to show that if A G {(Jb{A) U ab{B)) \ ab{Mc), then A G (o-o(A) U aniB)). 
Let A G U afe(B)) \ a5(Afc). Then Mc - A G © F), so A - A G and 

B - X e ^r{Y). We claim A G aoiA) U cfd{B). If not, it follows from Lemma 2.4 that 
A G Pd(^) r\pD{B). Since S — A G $r(^), Lemma 2.1 and Lemma 2.8 tell us that S — A is a 
Predholm operator. This implies that S — A is a Drazin invertible Predholm operator, that 
is, S — A is a Browdcr operator. By Lemma 2.4, we get that ^4 — A is also a Browder operator. 
Thus A G {^h{A) n$5(-B)), which contradicts with the assumption that A G {ai,{A) Uab{B)), 
so we have A G aoiA) U (Jd{B), thus W^^{A, B, C) C W^^iA, B, C) is also proved. 

(ii). To prove W^^{A, B, C) C W^^{A, B, C), by Lemma 2.4 and the fact that a,^{Mc) C 
ab{Mc), it sufficient to show that if A G {ab{A) U ab{B)) \ ab{Mc), then A G ayj{A) U (t^(5). 
Indeed, if A G {ab{A) U \ afe(Mc), then - A G $6(X y). It follows Lemma 

2.2 that there exist some nonnegative integer k and / such that asc{A — A) = k < oo and 
des{B - A) = / < oo. Now we claim A G ^^.{A) U a^{B). Otherwise, A G $o(^) H $o(-B). 
Moreover, Since asc(yl — X) = k < oo, by Lemma 2.8 we have des{A — A) < oo. That is 
^4 — A is a Drazin invertible Fredholm operator, so ^4 — A G Using Lemma 2.4, we get 

that B — X e ^b{Y) and so A G ^b{A) fl $6(-B), this contradicts with the assumption that 
A G {crb{A) U ab{B)). Thus we have A G (Jw{A) U ayj{B) and (ii) is proved. 

Finally, it follows from Corollary 2.12 in [31] that if 5, C) = 0, then W^^{A, B, C) = 

0. This completed the proof of theorem. 

The following result which generalizes Lemma 3.2 of [12] is useful in studying the fiUing- 
in-hole problem of Mc- 

Proposition 4.2. For each T G B{X), we have 

(i) . If a* = air, c^SFo, c^su, (^r, (^a, (^i OT age, then r]{a^{T)) = rj{a{T)). 

(ii) . If (7* = (Tafe, CT/fe, (Tsb, Crb, CTaiu, (^Iw: <^sw: ^rwi ^SF+i <^SF-: <^le: ^ rei ^ ei Or U then 

n{u.(T)) = ^{ab{T)). 

(iii) . v{(^d{T)) = r]{(Jdes{T)) = r]{arD{T)) = r]{aiD{T)). 

Proof, (i). Note that if cr* = <7ir,crsFo,c'su,c'r,c'a or ai, then da C asu H (7a C cr* C cr, 
da age cr ([1]), so (i) is proved. 

(ii) . If Cr* = aab, CTib, asb, (Trb, (Taw, (^swi <^ sw, (^rw, (^w, 0'SF+, (^SF-, (^le, 0"re, Ce, CRT, CjCg Or aSF+, 

it is well known that dab C (j/^ C cr^ C ab, so we have ri{a^{T)) = rj{ab{T)). 

(iii) . First, we prove that rj{aD{T)) = r]{adesiT)). That aaesiT) C aoiT) is clear. If 
A G d{aD{T)), there exist {A„} such that 

{A„} n a{T) = and A„ ^ A. 

If A ^ ades{T), then ades{T — A) < oo and hence by Lemma 2.10 that A ^ aD{T), which 
contradicts with A G d{a£){T)) C ar)(T). Thus it follows that A G ades{T) when A G 
9(az,(T)), so a(az5(T)) C ades{T). Note that ades(T) C ^.^(T) C ^^^(T), thus, r]{aD{T)) = 
r]{arD{T)). Moreover, since aro and ct;/) are dual, we have 

VMT)) = r7(a,,,(r*)) = vMT*)) = r}{an{T)). 

Therefore, r]{aD{T)) = ii{ades{T)) = 77((^r-D(T)) = il{aiD{T)). This proved (iii). 

The following theorems decide 18 kind spectra filling-in-hole properties of Mq: 



Theorem 4.3. li a* — croes, cTsu, o'r, CTrb, cTsw, crrw or are, then cr* has the generahzed fiUing- 
in-hole property. That is 

aM)^^*{B) =<7.{Mc)UW^M,B,C), 

where Wo;{A, B, C) is contained in the union of some holes in (7*(Mc). In particular, 

(i) . Waa^siA B, C) C [((7des(A) n (Tasc{B)) \ (Tdes{B)] is Contained in the union of all holes 

in (Tdes{B). 

(ii) . If (7* = asu, CTr, (Trh or (7^6, then WaS^i B, C) C [((T*(74)ncr*(i?*))\cr*(i?)] is contained 
in the union of all holes in a^{B). 

(iii) . If (7* — Urw or cr^^, then Wa^^A, B, C) C [((T*(74) U a^{B*)) \ asF-{B)] is contained 
in the union of all holes in a^,{B). 

Proof, (i). It follows from Lemma 2.5 and the proof of Lemma 2.6 (i) that 

ades{A) U (7de.(5) 2 (JdesiMc) 2 (Tdes{B). 

This implies that ades has the generalized fiUing-in-holes property and 

W,,JA, B, C) C ad^M) \ (^des{B). 

Moreover, note that Lemma 2.7, we can prove that 

W,,JA, B, C) C [{ades{A) n aasc{B)) \ a,,jB)]. 

To see this, let A e Wa^^^{A, B,C). Then ades{A — A) = oo and (Tdes{B — A) < oo. If 
(^asc{B — A) < OO, then by Lemma 2.7 (ii) we know that (Tdes{A — A) < oo, which is a 
contradiction. Thus A e aasc{B). Next, we can claim that W„^^^{A, B, C) is contained in the 
union of all holes in ades{B), that is, W„^^_^{A, B,C) C r]{ades{B)). Otherwise, there exists 
A e W„^^^{A,B,C) \ r]{ades{Bj). By Proposition 4.2 we have that r]{ades{B)) = r]{aD{B)). 
Thus A ^ ri{aD{B)). Furthermore, Lemma 2.7 tells us that des{A—X) < oo 4^ des{Mc — X) < 
oo, which is a contradiction with the assumption that A e Wa-a^^{A, B,C). Thus, it follows 
that Waa^^{A, B, C) is contained in the union of all holes in ades{B). 

(ii) . We only prove cr* = Ugu case. Note that A and B are surjective imply that Mq is 
surjective, Mc is surjective implies that B is also surjective. So we have 

(7su{B) C asu{Mc) C asu{A) U a,„(5). 

This shows that Ugu has the generalized filling-in-hole property and 

W,^M.B,C) <Zasu{A)\asu{B). 

Next we claim that W„^^{A, B, C) C ct„(5). If not, there exists A e W^^^{A, B, C) \ aa{B). 
Combine this fact with the inclusion Wrj^^{A, B,C) C asu{A) \ asu{B) proved above, we 
have that i? — A is invertible. By Lemma 2.7 it follows that ^ — A is surjective, this is a 
contradiction. Thus Wa^^{A, B,C) C aa{B), and so 

W,^^{A, B, C) C {asu{A) n aa{B)) \ (7,„(S) = {asu{A) n a,„(S*)) \ (7,„(S). 

Similar to the proof of (1), we can get that Wa-^^{A, B,C) is contained in the union of all 
holes in (Tsu{B). 

(iii) is obvious by Proposition 4.2. 



Duality, we have the following: 

Theorem 4.4. If cr* = '^ii'^ih-i'^awi'^iw or f^iei then cr* has the generalized filling- in- holes 
property. That is 

a,{A)yja,{B) =a,{Mc)yJW„XA,B,C), 
where Wcj^A, B ,C) is contained in the union of some holes in (J^,{Mc)■ In particular, 

(i) . If (T* = (J/, ail, or (j/e, then W^j^^A, B, C) C [(cr*(5) Pi a^{A*)) \ a^{A)] is contained in 
the union of all holes in a^,{A). 

(ii) . If cr* = or ct;^, then W^^, (A, 5, C) C [(cr*(-B) U (T^{A*)) \ (Tsf+{^)\ is contained 
in the union of all holes in a^,{A). 

Theorem 4.5. If cr* = criD,(TrD,crir,crK3,crK or asPo, then has the convex fiUing-in-hole 
property. That is 

tjMA) U a,{B)) = r]{a,{Mc)). 
Proof. It follows from Lemma 3.1 of [12] that r]{a{A) U a{B)) = r]{a{Mc)),rj{ab{A) U 

CbiB)) = ri{ab{Mc)), r}{aD{A)UaD{B)) — r]{aD{Mc)). Combine those facts with Proposition 
4.2 that it is easy to prove the theorem. 

We are also interesting in the following question: 

Open question 4.6. Do other spectra of Mq have the filling-in-hole properties ? 
5 Examples 

Now, we present examples to show that some conclusions about the spectra structure or the 
filling-in-hole properties of Mc are not true. 

The following example shows that for spectrum cr* = (Ja, ct;, (Jsf+, o'le, o'aw, o'lw, c^ab, crw, (Jsu-i 
<^r, <7SF-, (^re-O'sw, (^rw, <7sb or (7r&, it uot ouly has uot the equation (1) form, but also has not 
the filling-in-hole property. 



Example 5.1 ([12]). Let X be the direct sum of countably many copies of £^ := £'^{N). 
Thus, the elements of X are the sequences {xj}'^^^ with Xj e i"^ and YlJLi IkjIP < oo- Put 
y = £2. Let y be the forward shift on i'^: 

V:f^i\ {z,,Z2,...}^{0,ZuZ2,...}, 

define the operators A and C by 

A: X ^ X, {xi,X2,...}^ {Vxi, Vx2, . . •}, 

C -.Y ^ X, {yi, y2, . . .} ^ {i/iCi, i/aCi, . . .}. 
where ei = {1, 0, 0, . . .}. Let B — and consider the operator 

Mc=(^Q ^y.X(BY ^X(BY. 

If (7* = fJa, ai, asF+, CTie, aw, (^iw, ah Or Gib, then 



(i) . a^A) U a,{B) U {S{A*) n S{B)) = a,{A) U a,{B) = {A G C :| A |= 1} U {0}. 

(ii) . a,{Mc) U (SiA*) n SiB)) = a,{Mc) = {A G C :| A |= 1}. 

(iii) . (aM) U cr,{B)) \ a,{Mc) = {0}. 

Thus, it follows from (i) and (ii) that equation (1) does not hold for spectrum cr* = 
c"a; cr^ crsF+, cT^e; (^aw, <^iw, c^ab OT an,. By duality, we can also show that equation (1) does not 
hold for spectrum cr* = asu,crr,crsF-,crre, o'sw,(^rw,Csb or arb- Moreover, from (iii) we knew 
that none of the above 16 kind spectra has the filling-in-hole property. 

This following example shows that ascent spectrum aasc has not equations (1) to (9) form. 
Example 5.2. Let X = Y ^ f and {e„}„>i be a basis of f^. Define A,B,C e B{f) by 

Aci = -e2i for i = 1, 2, ■ ■ ■ , 

Bci — 0, Bci — -ei_i for i = 2, 3, • • • , 

i 

Cci = e2i-i for i = 1, 2, 3, • • • . 

Then we have 

{0} = aasM) U aasc{B) = aasM) U aasc{B) U S{A) U S{A*) U S{B) U S{B*) 

^ aasciMc) U S{A) U 5(^*) U S{B) U >5(S*) 

= <Tasc{Mc) = 0. 



In [16], the authors claimed that 

(aabiA) U aabiB)) \ a^biMc) C SiA*) n (7^,(5), 
where aoiB) was denoted by F{B), which implies that 

(aabiA) U (7„;.(B)) U iSiA*) n (7^(5)) = a^biMc) U (5(A*) n (7^(5)) (13). 

The following example shows that neither the claim nor equation (13) is true. 
Example 5.3. Let X = f and 

A{xi, X2, . . .} {Xi, 0, X2, 0, . . .}, 

B{xi,X2,...}^ {0,0,0,...}, 

C{xi, X2, ...}^ {0, Xi, 0, X2, . . .}. 

Then 

aabiA) = {A e C :| A h 1}, aabiB) = {0}, aabiMc) = {A e C :| A h 1}, 
SiA*) n aoiB) = 0, aabiMc) + aabiA) U aabiB). 

So 

iaabiA) U aahiB)) \ aabiMc) % SiA*) n a^iB). 



The following example shows that for spectrum cr* = (Jawi'^iwi'^sw or (Trw-i it has not 
equations (4) and (5) form. 

Example 5.4. hQiX = Y = e and define T,S,C e B{f) by 

T{xi, X2, Xs, . . .} 1-^ {0, Xi, X2, . . .}, 

S{Xi,X2,X3, . . .} t-^ {x2,Xi,XQ, ...,}, 

C{xi,X2, xs,...}^ {0, 0, 0, . . .}. 

(i) . Put A = S,B = T'^. Then A* and B have the SVEP and 

(7„^(A) U (7„^(S) U S{A*) U ,5(5) = ai^{A) U (7i^(S) U U S{B) = {A e C :| A |< 1}, 

and 

{A e C :| A h 1} = a^Mc) U S{A*) U 5(5) = (7^^(Mc) U 5(^*) U S{B). 
So, when cr^, = a aw or ct/^, we have 

a,{A) U (7,(5) = a, (A) U a,{B) U 5(A*) U S{B) ^ a,(Mc) U 5(A*) U S{B) = a,{Mc). 

(ii) . Put A = ^2 5 = T. Then A* and 5 have the SVEP and 

(7snj{A) U (7syj{B) U ,5(A*) U S{B) = (7^^ (A) U (7^^ (5) U S{A*) U ,5(5) = {A G C :| A |< 1} 
and 

{A e C :| A 1= 1} = (Jsw{Mc) U ,S(A*) U S{B) = (7^^(Mc) U S{A*) U ,S(5). 
Thus, when cr* = or Uj.^, we have 

a,{A) U (7,(5) = a,{A) U a* (5) U S{A*) U 5(5) 7^ c7,(Mc) U S{A*) U 5(5) = a,(Mc). 

The following example shows that for spectrum = ax, ctks-i o'sfq or air, it not only has 
not equations (4) and (5) form, but also has not generalized filling-in-hole property. 

Example 5.5. LetX^Y^i'^ and define A,B,C e B{e) by 

A{xi, X2, xs, ...} {x2, X4, xe, . . .}, 

B{xi, X2, X3, . . .} 1-^ {0, Xi, 0,X2,..., }, 

C{xi, X2, X3, . . .} 1-^ {0, 0, 0, . . .}. 

It is easy to show that A* and 5 have the SVEP and if a* = (Tk-iCFks-iCFsfo or air, then 
a^{A) U (7*(5) = {A e C :| A 1= 1}, a^{Mc) = {A e C :| A |< 1}. Thus, when cr* = 
ax, ok^, crsFo or air, we have 

a^A) U a,(5) U S{A*) U 5(5) a^Mc) U 5(A*) U 5(5) 

and 

a4A)Ua,{B) ^a,{Mc). 
The following example shows that the inclusions in Theorem 4.1 may be strict in general. 



Example 5.6. Let Xn be a complex n dimensional Hilbert space. Define T, S, C3 e B{i'^) 

by 

T{xi, X2, X3, • • •} = {0, Xi, X2, X3, • • •}, 
X2, X3, • • •} = {^2, X3, X4, ■ ■ •}, 

C3 := / - TS. 

(i) . Put A = T, C = ( C3 ) : £2 © x„ ^ S = Q ° ^ : £2 © x„ ^ £2 

Then W^{A,B,C) = {A e C : <| A |< 1 }, W^^{A,B,C) = {A e C :| A |< 1 }, thus 
W„{A,B,C)^W,SAB,C). 

(ii) . Put A = T, C = ( C3 ) : £2 © £2 _^ ^2^ 5 _ 1^ -5 ^ . ^2 ^ ^2 _^ ^2 g3 

Then = {A G C : <| A |< 1 }, = {A e C :| A |< 1 }, thus 

W,M,B,C)^W„,{A,B,C). 

(iii) . Put A = T, C = 0, S = 5. Then W^^{A, B, C) = 0, W^^{A, C) = {A e C :| A |< 
1}, thus W,,iA, B, C) ^ W,^{A, B, C). 

The following example shows that for W^^(A,S,C), W^^{A,B,C) and W^j^{A,B,C), 
there are no inclusion relationship among them. 

Example 5.7. Let T, S, Ti, Si, Ci, C2, C3 e B{e'^) be defined by 

X2, X3, ■■■} = {0, Xi, X2, X3, ■ ■ •}, 

S{xi,X2,X:i, ■■■} = {X2,X3,X4, ■ ■ ■}, 

Ti{xi, X2, X3, ■■ ■} = {0, xi, 0, a;2, 0, X3, ■ ■ ■}, 
S'ljoJi, a;2, 2:3, ■ ■ ■} = {x2, X4,Xq, ■ ■ ■}, 

Ci{Xi,X2, X3, ■■■} = {Xi, 0, X3, 0, Xs, ■ ■ ■}, 
C2{xi, X2, Xs, ■■■} = {0, 0, Xi, 0, X3, 0, X5, • • •}, 

C3 = J ^ T5. 

(i) . lfA = T,B = S,C = C3, then W^.JA, 5, C) ^ fi, C). 

(ii) . lfA = T,B = S,C = 0, then W^^{A,B,C) ^ W^^{A,B,C). 

{iii). Let A = Ti, B = (^^^ ^^y.e®e — >e®fsindC^{Ci 0):£2©£2 — , £2_ 

Then W^M,B,C) ^ W„^{A,B,C). 

(iv) . lfA = Ti,B = Su C = C2, then W^M, B, C) ^ W^^^A, B, C). 

(v) . If A = T, s = Q e ® e ^ e ® e c ^ e®e ^ 

then B, C) % W^XA B, C), W,,{A, B, C) % W^S^, B, C). 

Note that cr(T) D o"6(T) 3 ^oiT) D acca{T) is well known, so we have r]{a{T)) 5 

The following example shows that the above inclusions may be strict. 

Example 5.8. Let X„ be a n dimensional complex Hilbert space. Define operators A e 
B{e) by 

.rill 
A{Xi, X2, X3, • • •} = {0, -Xi, -X2, -X3, ■ ■ ■}. 



Then a{A) = aoiA) = aaesiA) = {0} and acca{A) = 0. If consider operator 

/ \ 

T = 37 \ -.x^efef — >x^®f®f, 

\ 5 + A J 

wc have r^(a(T)) = a(T) = {0,3,5}, vMT)) = a,(T) = {3,5}, v(MT)) = MT) = {5}, 
r]{acca{T)) — acca{T) = 0. Thus, 

ri{a{T)) ^ n{a,{T)) ^ vi^T)) ^ v{acca{T)). 

The foUowing example shows that spectra aro and am have not the generahzed filhng- 
in-hole property. 



Example 5.9. Let X = F = Define ^ = and S, C by 

B{xi,X2, Xg, ■ ■ ■} = {X2, X4, Xq, ■ ■ •}, 

1 1 

C{Xi,X2, X3, ■■■} = {Xi, -^^3, ;^^5, • • •}• 

Then ^ 

and (T;d are dual (see [26]), thus, neither aro nor aio has the generalized filling- in- holes 
property. 

Let H,K be Hilbert spaces, (A,B) e B{H) x B{K),C e B(K,H). If A e let 
^4* denote the adjoint operator of A and crp(A) denote the point spectrum of A. In [3], the 
authors claimed that 

V{cTse{A) U aseiB)) = 7]{ase{Mc)), 

More precisely, 

aseiA) U aseiB) U (^^(A*) n (7^(5)) = a,eiMc) U W^, (14) 

where W is the union of some holes in ase{Mc) which happen to be subsets of crp{A*) [Jap{B). 
The following example shows that equation (14) is not true. 



Example 5.10. Let X, Y, A, C be defined as in Example 5.1. and B e B{Y) be defined by 
Consider the operator 



,111 
B : {yi, 2/2, . . .} ^ {0, -2/1, -7/2, ^2/3, • • •}• 



Then we have 

(i) . ase{Mc)=<yse{A) = {\:\\\=l}, 

(ii) . a(i?)=a,e(fi) = {0}, (7p(B) = 0, 



(iii). ap{A*)f\ap{B) = ^. 



Thus = {(Jse{A) U cT^e(5) U (cTp(A*) fl (7^(5)) \ (7se(Mc) = {0}, SO W IS just a poiut but 
not an open set. This showed that the above conclusion is not true. 
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